Abstract. We provide an example of a trivalent, 3-connected graph G such that, for any choice of metric on G, the resulting metric graph is Brill-Noether special.
Introduction
We say that an algebraic curve C is Brill-Noether general if, for all positive integers r and d, the variety W r d (C) parameterizing divisors of degree d and rank at least r has dimension equal to the Brill-Noether number ρ = g − (r + 1)(g − d + r). By the Brill-Noether Theorem [GH80] , the locus of Brill-Noether general curves is a dense open subset of M g . The Baker-Norine theory of divisors on metric graphs gives us an analogous notion of BrillNoether general graphs [Bak08, BN07] . As in the classical case, the locus of Brill-Noether general graphs in the moduli space of tropical curves M trop g is open [LPP12, Len12] and non-empty [CDPR12] , but this does not imply that it is dense. Specifically, M The top-dimensional strata of M trop g correspond to trivalent graphs, and it is a straightforward exercise to construct a trivalent graph G with the property that every metric graph Γ ∈ M trop G is Brill-Noether special. For example, if G is the graph pictured in Figure 1 , obtained by attaching a loop to each leaf of a tree, then every Γ ∈ M trop G is hyperelliptic. Prior to this note, however, all known examples of such graphs contained bridges. This is a bit unsatisfying, as the length of the bridges does not affect either the Jacobian or the Brill-Noether theory of the graph, and for this reason it is customary to treat graphs without bridges as the proper analogues of algebraic curves (see, for example, [BN07, Remark 4.8]). More precisely, if G fails to be 2-connected, then the restriction of the tropical Torelli map to M trop G has positive-dimensional fibers [CV10] . It is therefore more natural to ask for a 2-connected or even 3-connected trivalent graph G such that every Γ ∈ M trop G is Brill-Noether special. In this note we provide an example of such a graph. The Fano plane is an example of a rank 3 matroid, and in [Car] such matroids are studied in the context of the divisor lifting problem. More specifically, given a metric graph Γ and a divisor D on Γ, one can ask whether there exists an algebraic curve and a divisor on the curve of the same rank as D specializing to Γ and D respectively. Such a pair of a curve and a divisor is called a lifting of the pair (Γ, D). Among the results of [Car] is the fact that, if Γ is the Heawood graph with all edges of length one, and D is the divisor of degree 7 and rank 2 described in Theorem 1.1, then the pair (Γ, D) admits a lifting over a valued field K if and only if the characteristic of K is 2. One consequence of Theorem 1.1 is the following, which is valid in any characteristic. Recall that the girth of a graph is the minimum number of vertices in a cycle. . It follows that if Γ is such a general point, and C is any curve such that the skeleton of C an is isometric to Γ, then C is Brill-Noether general, and hence every divisor D on C that specializes to D B has rank less than 2.
